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Abstract

Topology optimization (TO) is extensively used for reducing the weight of engineering parts that require higher performance
in aerospace, automotive, and defense industries. Additive manufacturing (AM), a practical layer-by-layer material deposition
process, is commonly employed to fabricate geometrically complex designs obtained from TO. However, AM processes may
result in manufacturing-induced structural discontinuities (surface cracks or voids) that must be considered in the design
stage. Nevertheless, most TO algorithms cannot realistically handle these structural cracks/defects since they mainly employ
classical continuum-mechanics formulations combined with the finite element method (FEM). On the other hand, peridynamics
(PD), anon-local meshless approach, can effectively model any structural discontinuity without the need for an additional effort
by breaking non-local interactions. In this study, we combine PD and optimality criterion-based TO methods to investigate the
effect of surface cracks on the three-dimensional structural design. For a comparative study, these cracks are also modeled
using FEM-TO by eliminating the elements in the cracked region. Optimal geometries and total strain energies obtained from
PD are compared with those from FEM for the benchmark case with/without surface cracks. Finally, the advantage of PD is

revealed for modeling structural discontinuities in TO.
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1. Introduction

Most of the engineering structures used in automotive,
aerospace, and other manufacturing industries are
desired to be lightened by utilizing novel design tools
[1-6]. In this context, topology optimization (TO)
methods have been dedicated to decreasing the weight
of the critical engineering structures while minimizing
compliance of the structure. Numerous TO methods
have been proposed in recent decades.

Among various TO algorithms, the solid isotropic
material with penalty (SIMP) method [7-9] was
originally proposed by Bendsoe which relaxes the
originally ill-posed TO problem by using continuous
design variables. Another popular TO method,
Evolutionary structural optimization (ESO) [10, 11], has
been used for a variety of topology and shape
optimization problems. In addition, the additive ESO
(AESO) method [12] creates a structure that expands
from a basis connecting the domain between the
supports and loads. On the other hand, as a combination
of ESO and AESO techniques, the bi-directional
evolutionary structural optimization (BESO) method
[13-15] can add or remove the material during the
optimization. Apart from these techniques, a variety of
optimization methods such as ground structure [16],
level-set [17, 18], moving morphable void [19], and

moving asymptotes methods [20, 21] have been
proposed.

While TO methods updates the material distribution,
the structural integrity is analyzed in each step.
Therefore, structural analysis methods have been
combined with optimization algorithms. Here, the finite
element method (FEM) which is a local classical
continuum mechanics (CCM) formulation has been
preferred by many researchers. However, most of the
well-known methods do not consider structural
discontinuities during optimization. Topologically
optimized structures are generally fabricated by
additive manufacturing due to their complexity and
they are prone to crack initiation during manufacturing
or operation due to heating and cooling repeatedly [22,
23]. Therefore, the ability to realistically embed cracks
into the design domain during optimization is crucial to
making topologies more resistant to such process-
induced defects.

Mesh-based methods such as FEM require re-meshing
for the simulation of cracked structures which is
cumbersome in case of a complex discontinuity.
Moreover, classical continuum mechanics formulation
uses spatial differential equations which is prone to
inaccurate results in the presence of structural
discontinuities. Alternatively, meshless methods have



been proposed to eliminate the complexities related to
the mesh. Some of the meshless methods utilized in
topology optimization are the element-free Galerkin
method (EFG) [24] and the smoothed particle
hydrodynamics method (SPH) [25].

Peridynamics, a meshless method proposed by Silling
[26-28], is a capable tool to overcome mesh-associated
issues. PD is a bond-based local formulation that utilizes
integro-differential equations, unlike CCM. Without re-
meshing, any structural discontinuity can be embedded
by breaking the relevant bonds in PD thereby
represented realistically with less computational effort
relative to mesh-based methods. PD is coupled with TO
first in [29] using BESO and extended to continuous
density-based PD-TO in [30]. Both studies investigated
the TO of cracked structures using PD. In addition, 2D
PD and FEM are compared for TO of cracked structures
in [31, 32], and the advantages of PD in presence of
structural discontinuities are revealed. Moreover, PD-
TO is performed for reducing the weight of marine
structures in [33].

To the best of the authors’ knowledge, there is no
comparative study on PD-TO and FEM-TO of 3D cracked
structures in the literature. Therefore, we mainly focus
on the investigation of the effective modeling of cracks
and compare the performance of PD-TO and FEM-TO in
3D. This paper is organized as follows. PD theory, TO
problem, and crack involvement methods are briefly
discussed in section 2. Then, the selected case study is
described, and its results are presented in section 3
which is followed by the conclusion.

2. Material and methods

2.1. Peridynamics Formulation for Structural
Analysis

The general PD equation of motion for a material point
located at X can be written as follows:

p(x)u(x,t)=J(t_(txl_x’“'_“) jde+b(x,t) (1)

"(x—x,u-u’)

In the PD domain, each material point or particle can
only interact with its family points which are the
members of its horizon ( H,) with a radius of 6 for a
two- or three-dimensional body. The extent of a point
can be a circle or sphere in 2-D and 3-D domain,
respectively. In Eq. (1), p is the density of particle
where U represents the acceleration. Moreover, b
corresponds to body force acting on a particle andt is
the force density vector. This vector can be calculated
as follows:

femn LY _ rien) @2
(é‘n)|y,_y| f(&n) (2

where f represents the magnitude of the pairwise

t(x'—=x,u'—u)=t(&,n)=

force density vector, f .Additionally, we should define
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the terms & and # which are corresponding to relative
position and displacement vector, respectively.

(3)
Note that the final position vector of X can be defined
as Y=X+U. To be able to measure the compliance of

E=x'-xand y=u'-u

the body, we need to calculate the strain energy
densities of each particle. Therefore, the first step
should be to know the micro-potential of each PD bond.
Hence, one can integrate the micro-potential of each
interaction of a particle to be able to calculate the strain
energy density of the particle. The micro-potential of
each bond can be given by:

w(éon) =3 1 (Em)(&-+n1-1¢]) = Ses'|e )

where ¢=12E/7o* is the bond constant for a three-
dimensional isotropic material, and s =|& +#|/|¢|-1 is
the stretch between two particles. Then, integrating the
micro-potential over a particle gives the strain energy
density:

1
W(x,t)=EIW(§,ﬂ)dHX (5)

HX

Finally, one can find the compliance of the whole
structure by summing particle-wise strain energy
densities (calculated in Eq. 5) as given in the following:

C=[w(x t)ds (6)
B

Compliance of the structure C should be minimized
since it has been determined as objective function of the
topology optimization problem. After the assembly
process, the PD equation of motion can be resulted as a
single matrix-vector form in the global domain g as:

KU = F ,where K:LNJki, U:LNJui, F:LNin (7)
i=1 i=1 i=1

The global stiffness matrix, K, displacement vector, U
, and the force vector F in the global system can be
produced by assembling of local stiffness matrix k;,

and force vector, f.,

displacement vector u, ,

respectively.

2.2. Optimization Procedure and Optimality
Criteria Method

Minimization of compliance in TO can be described in a
general form as follows:

KU=F
N ZN:"iVi
min C(k;)=C=Y W(x,)V,s.t. 2=V (8)
K i=1 ZVI
O;K(X) <1l vxep
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For the solution of structural analysis (KU=F), we utilize
two different approaches: PD and FEM. For
discretization, FEM mesh includes eight-noded
hexahedral elements whereas PD creates equally
spaced uniform material particles. The optimality
criteria method is selected for the design variable
updating scheme during the optimization process [34-
35]. To describe the elastic modulus of particles
individually, the power-law interpolation scheme is
explained as follows:

E EEi(’ci):EV"‘(’Ci)p(Es_Ev) (9)
Here, E' and E°® correspond to material properties of
void and solid materials. Moreover, p, is referred to the
“penalization factor” to find discrete design variables.
One can set E' =0 and change the design variable of a
void particle from zero to a relatively close positive
number by doing so. This results in the following form
of the equation:

E = ()P E° (10)

For solid and void particles, respectively, design
variables x, =1and x, =, are defined in the equation
above. We selected penalty parameter and minimum
density value as p=3 and «,,, =107, respectively. In

the OC method, the design variable updating scheme
works as:

max(0, &, —mv)

if  xB < max(0, x;-mv) _oCk,)

v _ ) i ok, (11
K™ =ymin(l, & +mv) ,where B, —m
if B> > min, x +mv) oK.

xB’  otherwise

Where MV is the move limit, and bisection approach
can be used to determine the suitable value of |
(Lagrangian multiplier).

2.3. Crack Involvement in PD and FEM

Since the main motivation of this study is reducing the
weight of cracked structures using two different TO
methods (FEM-TO and PD-TO), crack modelling should
be clarified by giving fundamental differences between
these methods. Therefore, Fig. 1 gives a representative
example of the crack involvement procedure and its
effect on the problem domain. If the crack surface
passes through certain elements in the discretized
domain by FEM, Figure 1la shows that the elements
which coincide with the crack involved need to be
deleted. Although the mesh is uniformly distributed in
this example, an engineering structure in real-life could
be more sophisticated, and thus remeshing or some
other treatments may be needed. This strategy also
alters the original geometry by deleting the relevant
elements which causes additional mistakes due to the
missing representation of the problem. To better
represent a discontinuity, using denser mesh would be
logical. After that, computational time will increase
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dramatically. As a result, crack modeling may not be
practical for FEM analysis.
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I

(a) (b)

Fig 1. lllustrations of crack modeling strategy of (a) FEM and
(b) PD.

3. Results and discussion

For a meaningful comparison of the PD-TO and FEM-TO
methods, we selected a well-known benchmark TO
problem from the literature. We modeled an L-beam
geometry as shown in Fig. 2 where the length of L=1m.
The top surface of the structure is fully clamped while a
downward concentrated force F=50 kN is applied to the
middle of the edge as depicted in Figure 2. In the PD
analysis, the force is applied as body force density to
two PD particles equally. Moreover, for the FEM
analysis, the force is distributed to three nodes to be
able to apply the same loading condition in both
methods.

clamped edge
D.EL
. G.I.!. E F

f

e, Foa 1
y X ~1 2.
q\u.a \13(0
(2)

clamped edge

clamped edge

T~ | Y
H\M J R M\M ] .
(b) (c)

Fig 2. Design domain and boundary conditions for an L-beam;
(a) without crack (b) with a crack in the upper region and (c)
with a crack in the middle region.

The problem domain and its discretized versions for the
FEM and PD analyses are demonstrated in Fig. 3. Here,
the domain is discretized into 60x24x60 material
particles for PD analysis or elements for FEM analysis in
the x-y and z directions, respectively. It means that the



distance between two particles is dx=1/60 m in the PD
model.

(a) (b)

Fig 3. Spatial discretization of the problem domain using (a)
FEM and (b) PD.

However, the FEM model consists of eight-noded
hexahedral elements with an edge of the length of dx
particle size. Hence, the discretized domain contains
55296 particles/elements in total. The target volume
after optimization is set to 20% of the initial volume of
the structure.

High spot regions

Fig 4. Strain energy density distribution for crack-free state of
the problem domain.

Moreover, elastic modulus and Poisson’s ratio of the
material are set to E=200 GPa and v=0.25, respectively.
Without changing the problem constraints and material
properties, we embedded surface cracks into the
problem domain in two different positions as illustrated
in Figures 2b and 2c. The varying locations are chosen
to compare the effect of crack involvement on the PD-
TO and FEM-TO. Before the crack locations are
determined, the strain energy density distribution is
examined for the scenario without a crack.
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Middle crack

Fig 5. Optimal topologies obtained by FEM-TO and PD-TO for
varying crack scenarios.

The strain energy distribution of the crack-free case is
given in Fig. 4. Here, high-spot regions where the
particles with the highest strain energy are
accumulated can be investigated. Accordingly, we
determine two different crack locations which have
high and low strain energy density. As can be seen, the
up crack is embedded into a safer region than the crack
in the middle region. A squared-shape surface crack
located on the upside of the geometry has an 10xdx
edge length, whereas the middle crack has an edge
length of 8xdx.

The final topologies after optimization for all the cases
with and without cracks are presented in Fig 5. Here,
the left and right columns contain FEM-TO and PD-TO
results, respectively. The methods resulted in similar
geometries in the case of the scenario without crack. In
addition, the reactions of PD-TO and FEM-TO in up-
crack cases are very close. In this case, both methods
split the thick arm at the right bottom into two thinner
branches and opened the normal direction of the crack.
However, the branches in the PD-TO result are closer,
and the opened region is deeper in the FEM-TO result.
On the other hand, besides splitting the thick arm, the
methods reacted differently in the middle crack area as
shown in the last row in Fig. 5. FEM-TO eliminated a
significant amount of material in the normal direction
of the crack while there is no such effect in the PD-TO
result.
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Table 1. Compliance comparison.

Crack rgsEul\l/fcs PD results Percent
. e o
scenario [Nm] [Nm] Diff. (%)
No crack 6.664 6.640 0.36
Up crack 6.783 6.724 0.87
Middle crack 6.707 6.567 2.09

Table 1 presents a comparison of FEM-TO and PD-TO in
terms of the compliance results of the topologically
optimized structures. In all cases with and without
cracks, PD-TO provides a slightly better compliance
value as compared to FEM-TO. The percent difference
varies between 0.35 and 2.10 for the three cases.
Moreover, PD-TO achieved even less compliance with
the middle crack case relative to the scenario without
crack while FEM-TO resulted in higher compliance with
each crack. Between two crack scenarios, the reactions
of the methods and the compliance results show that PD
has an advantage in the case of a crack located in a
critical region and it considers the whole structure
during optimization due to its non-local nature while
FEM mostly prioritizes changing the crack region.
Moreover, the total displacement distributions are
depicted in Fig. 6 with the maximum values. It is shown
that displacement values are close to each other for the
cases without crack and up-crack. However, for a
critical crack position, PD-TO provides a better
displacement value as compared to FEM-TO.
Consequently, PD is observed to be capable of reducing
the total compliance and total displacements of
topologically optimized structures when cracks are
embedded into high-strain energy regions where
structural discontinuities are expected to occur when
the structure is manufactured and loaded.

FEM PD

max. disp.
0.269 [mm]

max. disp.
0.269 [mm]

No crack
max. disp. max. disp.
0.272 [mm] 0.280 [mm]
Up crack
4 ¥
max. disp. max. disp.
0.270 [mm] 0.264 [mm]

Middle crack

Fig 6. Total displacements for the topologies obtained by
FEM-TO and PD-TO for varying crack scenarios.
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4. Conclusions

In this research effort, we proposed a three-
dimensional topology optimization procedure that
utilizes a non-local analysis method namely
peridynamics to initiate surface cracks realistically and
easily into the selected regions. To better evaluate and
validate the proposed framework, one of the most
popular optimization tools FEM-TO is also utilized by
modeling the same cracked scenarios. A comparison
between the compliance results obtained by FEM-TO
and PD-TO showed that PD-TO is a more viable method
for optimizing the cracked structures. It is shown that
FEM-TO is more prone to only open holes in the vicinity
of the crack. Therefore, FEM-TO results brought more
compliant structures. Observing the final topologies by
considering the crack positions, it can be concluded that
the PD-TO method is more sensitive to crack
involvement. In the future, this study can be extended
by a variety of problems and cracked scenarios to better
analyze the effects of modeling and optimizing three-
dimensional structures with defects. This modeling
ability can be utilized to optimize the additively
manufactured parts with their defects. In this way, the
structures become more resistant to the previous
process-induced cracks by considering them during
optimization.
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