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Abstract: Passive dynamic ankle-foot orthoses (PD-AFOs) are used to stabilize the foot and reduce muscle load in patients with 
neuromuscular impairments. A PD-AFO is characterized by its stiffness - the relationship between its resistive torque and its deflection 
angle. AFO stiffness plays a decisive role in the quality of patient care. To date, only a few approaches for predicting the stiffness of 
non-experimental and non-articulated PD-AFOs prior to manufacturing can be found in the literature. All these approaches use finite 
element analysis. Therefore, the objective of this work was to develop and evaluate a simplified analytical method for predicting the 
stiffness of idealized PD-AFOs on a standardized test bench prior to manufacture, providing an alternative to finite element analysis. 
This is particularly relevant in the context of additive manufacturing, where geometry can be freely adapted. The proposed calculation 
method is based on Castigliano's energy theorem and was demonstrated for PD-AFO designs featuring posterior leaf springs or 
posterior struts made from plastic (3D-printed) or carbon composite. The calculations can be performed with pen and paper. Validation 
was performed by comparing calculated stiffness values with measurements on a test bench. On average, the method yields deviations 
of less than 5% between the calculated and measured stiffness values for PD-AFOs with posterior leaf springs. However, due to 
deformations of the test bench, the calculated results for PD-AFOs with posterior struts deviate significantly from the measured results. 
This can be accounted for by a simple adjustment and calibration of the model. For the calibrated model, the calculated values deviate 
by less than 15% on average from the measured values. This simplified analytical approach offers a practical tool for designers to 
estimate PD-AFO stiffness during the development phase, enabling stiffness prediction prior to manufacture and thereby supporting 
patient-specific design decisions.

I. Introduction 
Passive dynamic ankle-foot orthoses (PD-AFOs) stabilize 
the foot and reduce muscle load in patients with 
neuromuscular impairments [1–3]. They work by applying 
a resistive torque to the lower extremities, mainly in the 
sagittal plane [4–6], generated by a functional dynamic 
element such as a posterior leaf spring (see, e.g., Wach et 
al. [7] or Bartonek et al. [8]) or a posterior strut (see, e.g., 
Tavernese et al. [9] or Hoyt et al. [10]). These functional 
elements are typically made from plastic or carbon 
composite. Manufacturing methods include customized 
craftsmanship, industrial production, and increasingly, 
additive manufacturing (3D-printing) [11–15]. In 
literature, the behavior of a PD-AFO is characterized by its 
stiffness 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 . 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴  describes the relationship between the 

resistive torque 𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) of the orthosis and its angular 
deflection 𝜑𝜑.  Although some AFOs exhibit a non-linear 
stiffness behavior, a linear relationship between 𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) 
and 𝜑𝜑 is usually assumed, with 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴  reflecting the constant 
proportionality factor [5,6]. Therefore, the following 
applies: 

𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) = 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 ⋅ 𝜑𝜑 (1) 

Various studies show that the stiffness of a PD-AFO 
significantly influences the quality of patient care [16,17]. 

To determine AFO stiffness, bench testing is by far the 
most established and validated method for measuring AFO 
stiffness [5,6].  The drawback of bench testing is that it can 
only be performed post-manufacture [5,6]. This is why it 
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cannot inform design decisions prior to fabrication. In 
clinical practice, however, the ability to predict stiffness 
from geometric and material parameters before 
manufacturing would be highly valuable: it would allow 
clinicians and designers to select or adapt orthosis 
geometry to meet a patient-specific stiffness target. This is 
particularly relevant in the context of additive 
manufacturing, where geometry can be freely adapted [18–
20]. 

To address this, literature reports the use of Finite element 
analysis (FEA) to predict AFO stiffness prior to 
manufacture. However, this process is often limited to 
specific designs and requires complex simulations, 
hindering generalization and integration into manual 
manufacturing processes [20–27].  

An analytical method that enables stiffness prediction 
without requiring FEA software or test bench access would 
therefore complement existing measurement approaches 
and support both design optimization and clinical 
prescription.  

To the best of the authors' knowledge, no closed-form 
analytical solution for predicting stiffness of non-
experimental and non-articulated PD-AFOs prior to 
manufacture has been reported in the literature. For this 
reason, this study focuses on the development and 
evaluation of a simplified analytical calculation method 
that can be used to estimate the stiffness of standardized 
PD-AFO on a test bench. To demonstrate and validate the 
method, it was applied to PD-AFOs with 3D-printed 
functional elements but was also tested with functional 
elements used in everyday clinical practice. The 
calculation can be performed using Castigliano's energy 
methods and thus with pen and paper, without complex 
FEA. The validation of the method is limited to orthosis 
types with L-shaped posterior leaf springs, such as the 
Carbon Ankle Seven (CA7, Ottobock, Duderstadt, 
Germany) or similar designs [7,8,28–30], or with posterior 
struts [9,10,31–35]. 

It should be noted that the presented equations are only 
applicable for stiffness measurements on test benches 
similar to the one described in this work, as the predicted 
stiffnesses are inextricably linked to the specific 
experimental setup and inherent stiffness of the test bench 
itself. Nevertheless, the methodology can also be applied 
to other test benches, as long as the assumptions made are 
adjusted accordingly. 

II. Material and methods 
The following section describes the general methodology 
of the study, the calculation procedure, and all materials 
required for the evaluation. 

II.I. Study design 
The calculation procedure below was developed to predict 
the stiffness of standardized PD-AFOs on a test bench, by 

idealizing the system of orthosis and test bench. To 
evaluate it, idealized PD-AFO’s functional elements were 
3D-printed from five different materials. To test whether 
the method is applicable to other materials, a posterior leaf 
spring and a posterior strut used in clinical practice were 
also tested. Material properties were determined via three-
point bending tests. Using specially manufactured test 
mounts, the idealized system’s properties were physically 
reproduced, and the system’s stiffness was measured on the 
test bench. Simultaneously, the system’s stiffness was 
predicted with the calculation method and measured and 
calculated results were compared. 

II.II. Orthosis types 
Orthosis types featuring an L-shaped posterior leaf spring 
or a posterior strut were selected to demonstrate the 
calculation procedure. These functional elements have an 
approximately constant cross-sectional area, and the 
geometry of the elements can be easily approximated using 
parameterizable basic geometric shapes. 

II.III. Test bench 
All stiffness measurements of the idealized orthoses were 
performed on a custom-built test bench similar to the one 
presented by Cappa et al. [36]. The setup is and shown in 
Fig. 1. 

 
Figure 1: Orthosis on test bench, 1 = trapezoidal spindle, 2 = 
foot model, 3 = universal joint at VAJC height, 4 = linear guide, 
5 = linear guided leg model, 6 = 6-component force transducer, 
7 = belt drive. 
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Here, a translational movement induced by a belt drive 
(Motor: AZM69AC, Oriental Motor Co., Tokyo, Japan; 
belt system: Timing-belt drive, item Industrietechnik 
GmbH, Solingen, Germany) is converted into a rotation 
around a patient-specific virtual ankle joint center (VAJC). 
The orthosis foot cuff is clamped to a base plate using a 
3D-printed model of the patient's foot which is pressed 
down via a trapezoidal spindle (RPTS-10x2, Dold 
Mechatronik, Haslach, Germany). The orthosis calf cuff is 
attached to a linearly guided, also 3D-printed lower leg 
model. The linear guide (SSP30, Dr. Tretter 
Maschinenelemente, Rechberghausen, Germany) is 
connected to the foot model at the height of the VAJC via 
a universal joint. The belt drive allows the linear guide and 
thus also the lower leg model to be deflected in the sagittal 
plane, while an intermediate 6-component force transducer 
(K6D68 1kN/20Nm/CG, ME-Meßsysteme, Hennigsdorf, 
Germany) measures the internal forces in the linear guide. 
The test bench’s deflection angle 𝜑𝜑 is calculated from the 
belt travel and the geometric relationships. Finally, the 
orthosis stiffness can be determined as a linear regression 
of the angle-to-torque curve from the measured forces, the 
geometric relationships, and the deflection angle. 

II.IV. Calculation method 
The derivation of the mathematical model of a PD-AFO on 
the described test bench follows the steps outlined below, 
which are presented here in a highly condensed form but 
are described in greater detail in the Appendix: 

1. Mechanical abstraction and modeling  
2. Definition of assumptions  
3. Establishing deformation equations using 

Castigliano's energy theorem  
4. Determination of the sought-after unknowns 
5. Calculation of AFO stiffness 

 
Mechanical abstraction and modeling: 
In order to mathematically model an orthosis on the test 
bench, the system must first be idealized. The following 
calculations are based on the laws of elastostatics and 
Castigliano’s second theorem, neglecting shear stresses 
(Euler-Bernoulli beam theory) and assuming small 
deformation angles.  

For idealization, several assumptions must first be made in 
order to eliminate influence factors that are difficult to 
model, such as the deformation of the cuffs, the stretching 
of the straps, or the friction of the linear guide. 
Furthermore, geometric relationships such as the curvature 
of the functional element must be approximated using 
geometrically parameterizable shapes. In addition, the 
contour of the cross-section along the functional element 
must be mathematically parameterized. Since a variable 
cross-sectional area significantly complicates the 
calculations, only functional elements with an 
approximately constant cross-section were selected for this 

study, resulting in the PD-AFO types aforementioned. 
However, the method can also be applied to other types of 
PD-AFOs, provided the same assumptions can be made. 

In summary, this results in the following assumptions, 
which were used to model the orthosis-test-bench-system: 

A1. All functional elements have a constant cross-
section 

A2. The cuffs and test bench components are ideally 
rigid 

A3. All components are massless 
A4. The test bench’s linear guide is frictionless 

Using assumptions A1-A4, the real orthosis-test-bench-
system can be converted into an idealized orthosis model 
(see Fig. 2b). The idealized model consists of an ideally 
rigid foot cuff into which the functional element is 
clamped. The calf cuff is also ideally rigid and mounted 
frictionlessly on the linear guide. The functional element is 
ideally clamped into the calf cuff. The geometry of a 
posterior leaf spring was approximated using a straight 
bending beam with a final 90° bend. Similarly, the 
posterior struts were modelled as straight bending beams. 

The idealized orthosis model was then abstracted into a 
mechanical equivalent model (see Fig. 2c). 

 
Figure 2: Idealization and modeling of an PD-AFO on the test 
bench, a) Real PD-AFO on the test bench, b) Idealized orthosis 
with rigid cuffs and idealized shape of the functional element, c) 
Mechanical equivalent model of the idealized orthosis used for 
derivation of the analytical model. 

All further considerations are carried out using the example 
of an orthosis with a posterior leaf spring, but the 
calculation steps for an orthosis with posterior struts are 
analogous. 
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On the test bench, the resistive torque 𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴 relative to the 
VAJC is obtained by (see Fig. 3a): 

𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) = 𝐹𝐹𝑀𝑀(𝜑𝜑) ⋅ 𝑙𝑙𝑀𝑀 (2) 

Together with equation (1) and the geometric relationships 
of the mechanical equivalent model, the calculated 
stiffness relative to the VAJC is: 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 =
𝐹𝐹𝑀𝑀(𝜑𝜑) ⋅ 𝑙𝑙𝑀𝑀

𝜑𝜑
 

(3) 

Where 𝜑𝜑 is the deflection of the test bench.  

The following relationship can be derived from the 
geometric conditions and the system’s free body diagram 
(Fig. 3c): 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ⋅ 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹

𝜑𝜑
 

(4) 

Here, 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) are the torques/forces transferred 
from the functional element to the test bench, 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹 is the 
distance between the VAJC and the point of force 
application (approx. at the center of the calf cuff). 

 
Figure 3: Properties of the mechanical equivalent model, a) 
Geometric relationships, b) Deflection of the idealized orthosis, 
c) Free body diagram of test bench and functional element. 

Definition of assumptions: 
To calculate 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑), the relationship of the 
functional element’s deformation state (defined by its 
deflection 𝑓𝑓 and deformation angle Ꞷ) and the test bench’s 
deflection angle 𝜑𝜑 must be found. With the help of two 
further assumptions, the relationship between 𝑓𝑓 and Ꞷ 
with 𝜑𝜑 can be established, thus 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) can be 
determined and finally the equation for stiffness prediction 
can be found. 

These assumptions are as follows: 

A5. The functional element’s deformation angle Ꞷ at 
the point of its attachment to the calf cuff (at 
height 𝑙𝑙𝐷𝐷 + 𝑅𝑅) equals the deflection angle of the 
test bench 𝜑𝜑 (see also Fig. 4a): 

𝜑𝜑 = Ꞷ (5) 

A6. The functional element’s deflection 𝑓𝑓 at the point 
of its attachment to the calf cuff (at height 𝑙𝑙𝐷𝐷 + 𝑅𝑅) 
equals the horizontal distance traveled by the test 
bench this height. Under the small angle 
approximation follows (see also Fig. 4b): 

𝜑𝜑 ⋅ 𝑙𝑙𝐸𝐸𝐸𝐸 = 𝑓𝑓 (6) 

 
Figure 4: Visualization of assumptions, a) Assumption A5 (the 
functional element’s deformation angle Ꞷ equals the test bench’s 
deflection angle 𝜑𝜑), b) Assumption A6 (the functional element’s 
deflection 𝑓𝑓 equals the horizontal distance traveled by the test 
bench at same height). 

Establishing deformation equations using Castigliano's 
energy theorem: 
With assumptions A5 and A6 the required relationship 
between the deformation state of the functional element 
and the test bench’s deflection angle is found. Using this 
relationship and Castigliano’s energy theorem, the 
forces/torques transmitted from the functional element to 
the test bench can be expressed as a function of 𝜑𝜑. To do 
this, Castigliano’s deformation equations must first be 
formulated, with 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) implicitly included in 
them. The deformation equations for a loading condition 
such as the one given here are as follows: 

l EP
φ φꞶ

f f

a) b)

VAJC VAJC
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Ꞷ = ���
𝑀𝑀𝐶𝐶,𝑖𝑖

𝐸𝐸 ⋅ 𝐼𝐼
𝛿𝛿𝑀𝑀𝐶𝐶,𝑖𝑖

𝛿𝛿𝑇𝑇𝑗𝑗
 𝑑𝑑𝑑𝑑�

𝑖𝑖

 (7) 

𝑓𝑓 = ���
𝑀𝑀𝐶𝐶,𝑖𝑖

𝐸𝐸 ⋅ 𝐼𝐼
𝛿𝛿𝑀𝑀𝐶𝐶,𝑖𝑖

𝛿𝛿𝐹𝐹𝑗𝑗
 𝑑𝑑𝑑𝑑�

𝑖𝑖

 (8) 

Here, 𝑀𝑀𝐶𝐶,𝑖𝑖 represents the internal bending moment in the 
individual sections 𝑖𝑖. 𝑇𝑇𝑗𝑗 and 𝐹𝐹𝑗𝑗 denote the externally acting 
torques and forces at the point of evaluation of Ꞷ and 𝑓𝑓. 𝐸𝐸 
is the flexural modulus, and 𝐼𝐼 is the area moment of inertia 
of the structural element.  

To solve equations (7) and (8) several integrals must be 
solved, which depend on the distribution of the externally 
acting torques and forces, the geometric relationships of 
the system, and the area moment of inertia and modulus of 
elasticity of the structural element. Since only point loads 
act in the given scenario and the flexural modulus as well 
as the area moment of inertia remain constant, the integrals 
depend exclusively on the geometric relationships of the 
system. Solving the integrals and substituting the results 
into the equations (7) and (8) yields the following 
deformation equations (for the sake of better readability, 
the geometric relationships derived from the integrals have 
been summarized in the coefficients A-D): 

The coefficients A-D depend solely on the geometry of the 
idealized system (see Figure 3a). For the two idealized 
orthosis types examined in this study the coefficients can 
be found in Table 1. A more detailed description of how to 
solve the integrals and derive the coefficients for the given 
system can be found in the Appendix chapters A.II.-A.IV. 
Table 1: Coefficients of calculation. 

𝐴𝐴 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2 

𝐵𝐵 
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷  

𝐶𝐶 

𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵

∙ 𝑙𝑙𝐷𝐷
2 −

1
6
∙ 𝑙𝑙𝐷𝐷

3 

𝐷𝐷 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2 

 
Determination of the sought-after unknowns: 
Substituting equations (9) and (10) into (5) and (6) yields a 
linear system of equations that solely depends on the 
flexural modulus 𝐸𝐸, the area moment of inertia 𝐼𝐼 and the 
geometric relationships of the idealized orthosis. Solving 

this linear system of equations for 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) 
yields the explicit relationship of the acting torques/forces 
and 𝜑𝜑: 

𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) = 𝐸𝐸 ∙ 𝐼𝐼 ∙ 𝜑𝜑 ∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐴𝐴 − 𝐶𝐶
𝐷𝐷 ∙ 𝐴𝐴 − 𝐵𝐵 ∙ 𝐶𝐶

 (11) 

𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) = 𝐸𝐸 ∙ 𝐼𝐼 ∙ 𝜑𝜑 ∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐵𝐵 − 𝐷𝐷
𝐶𝐶 ∙ 𝐵𝐵 − 𝐴𝐴 ∙ 𝐷𝐷

 (12) 

Calculation of AFO stiffness: 

Substituting these equations into equation (4) yields the 
final equation for stiffness prediction of the idealized 
orthosis: 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 = 𝐸𝐸 ∙ 𝐼𝐼 ∙ �
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐴𝐴 − 𝐶𝐶
𝐷𝐷 ∙ 𝐴𝐴 − 𝐵𝐵 ∙ 𝐶𝐶

+ 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹

∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐵𝐵 − 𝐷𝐷
𝐶𝐶 ∙ 𝐵𝐵 − 𝐴𝐴 ∙ 𝐷𝐷

� 
(13) 

Using this equation, the stiffness of an idealized orthosis of 
aforementioned AFO types can now be calculated. To do 
this, only the flexural modulus 𝐸𝐸, the area moment of 
inertia 𝐼𝐼, and the geometric values 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹, 𝑙𝑙𝐸𝐸𝐸𝐸, 𝑙𝑙𝐵𝐵, 𝑙𝑙𝐷𝐷, and 𝑅𝑅 
need to be determined. For AFOs of other shapes, the 
calculation procedure can be applied analogously; in this 
case, only the coefficients need to be redefined according 
to the described procedure. 

II.V. Test setup 
To evaluate the calculation method, functional elements 
for both idealized orthosis types were 3D-printed from 
different materials. To achieve a wide range of stiffness 
values, materials with a high variation in their stiffness 
properties were selected. The following materials were 
chosen based on their technical data sheets (TDS): ecoPLA 
(niceshops GmbH, Paldau, Austria), niceBIO (niceshops 
GmbH, Paldau, Austria), Green-TEC Pro (FD3D GmbH, 
Lustenau, Austria), and PPACF (Bambu Lab, Shenzhen, 
China) using a V-Core 4 500 mm IDEX FDM printer 
(RatRig, Faro, Portugal). Three specimens per variant and 
seven ISO 178:2019-compliant three-point bending 
specimens were printed per material in the same batch [37]. 
Additionally, two specimens made of Markforged Onyx 
(Markforged, Waltham, USA) with continuous carbon 
fiber reinforcement (CCFR) were printed on a X7 FDM 
printer (Markforged, Waltham, USA). Each print was 
performed using the following print parameters: 0.4 mm 
nozzle diameter, 0.2 mm layer height, 100% concentric 
infill, YZ print orientation.  

In addition to the 3D-printed test specimens, a cut-to-size 
Carbon Ankle Seven made of carbon composite and a 
manually fabricated carbon prepreg strut were idealized 
and measured. All specimen variants are shown in Fig. 5. 
In terms of the posterior struts, it was possible to clamp 
them at different distances from the VAJC resulting in 
three clamping  positions with distances of +75 mm, 0 mm, 

Ꞷ =
1

𝐸𝐸 ⋅ 𝐼𝐼
(𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐴𝐴 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐵𝐵) (9) 

𝑓𝑓 =
1

𝐸𝐸 ⋅ 𝐼𝐼
(𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐶𝐶 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐷𝐷) (10) 
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and −75 mm between the bending edge of the clamp and 
the VAJC. 

In total, ten idealized orthosis variants with clinically 
relevant geometries were derived; their geometric 
relationships are summarized in Table 2 and shown in Fig. 
5 and Fig. 6. 

II.VI. Test procedure 
Following printing, the cross-sectional area of each 
specimen was measured at three points using a caliper, 
averaged, and used to calculate the area moment of inertia. 
The flexural moduli for all materials were determined via 
three-point bending tests (ISO 178:2019 [37]) using a 
universal testing machine with an extensometer 
(AllroundLine, ZwickRoell, Ulm, Germany). For the 
specimens made of carbon fiber reinforced Onyx, the CA7, 
and the manually fabricated posterior strut, the flexural 
modulus was determined using a three-point bending test 
on the test specimens themselves, as it was not feasible to 
manufacture ISO-conform three-point bending samples 

made of these materials. With these properties known, the 
stiffness of each idealized orthosis was measured on the 
test bench. For this purpose, the idealized cuffs were 
manufactured from aluminum and specimens were 
cyclically deflected ±5° at 1.66°/s. A micrometer dial 
gauge (Käfer Messuhrenfabrik GmbH & Co. KG, 
Villingen-Schwenningen, Germany) positioned 
perpendicular to the foot cuff near the bending edge 
monitored potential setup deformations. Each 
measurement comprised five deflection cycles and was 
repeated three times per material and configuration. The 
stiffness values were then derived using linear regression 
over all deflection cycles and the whole range of motion. 
The three measured stiffness values per configuration and 
material were then averaged resulting in the average 
measured stiffness 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚. Concurrently, theoretical 
stiffness 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  was calculated using the developed 
analytical method. 

 

 
Figure 5: Tested functional elements, a) Posterior Leaf Springs (3D-printed), b) Carbon Ankle Seven (carbon composite), c) Posterior 
Struts (3D-printed), d) Carbon Prepreg Strut (carbon prepreg).  

 

Table 2: Geometric relationships of the idealized orthoses, LS = Leaf Spring (3D-printed), CA7 = Carbon Ankle Seven (carbon 
composite), PS = Posterior Strut (3D-printed), CPS = Carbon Posterior Strut (carbon prepreg). 

Configuration 

Posterior Leaf Spring Posterior Strut 

LS1 LS2 LS3 CA7 

+75 mm 0 mm -75 mm 

PS1 PS2 PS3 CPS1 PS4 CPS2 

𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹  [mm] 130.5 205.5 280.5 220.5 265 330 255 288 180 213 

𝑙𝑙𝐸𝐸𝐸𝐸 [mm] 105.5 180.5 255.5 185.5 240 305 230 258 155 183 

𝑙𝑙𝐵𝐵  [mm] 175 240 305 261 190 255 255 288 255 288 

𝑙𝑙𝐷𝐷  [mm] 150 215 280 226 165 230 230 258 230 258 

𝑅𝑅  [mm] 40 50 60 41 0 0 0 0 0 0 

a) b) c) d)

500 100

mm
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Figure 6: Idealized orthoses, a) Posterior Leaf Springs, b) Posterior Struts – “+75 mm” clamping position, c) Posterior Struts – “0 
mm” clamping position, d) Posterior Struts – “-75 mm” clamping position, red cross = position of VAJC. 

III. Results and discussion 
The calculation and measurement results are compared 
below and shown in Table 3, Table 5 and Fig. 8. Due to the 
extensive amount of data, only the mean values are 
presented.  

III.I Leaf springs 
The leaf springs results can be found in Table 3. No 
abnormalities or deformations of the test setup were 
observed during the measurement. 

As can be seen, the calculated stiffness values 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
agree well with the physically measured stiffness values 
𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚. On average, the deviation is less than 5%. The 
maximum deviation occurs in configuration LS1 with the 
material PPACF and amounts to 10%. Given the 
assumptions and simplifications, these deviations can be 
considered sufficiently small to validate the calculation 
method. Also, calculations for the CA7, which is used in 
everyday clinical practice, yield promising results with a 
deviation of 1%, even though its actual geometry was only 
approximated in the calculations. This demonstrates that 
the calculation method for functional elements in the form 
of a posterior leaf spring produces accurate predictions. 

III.II Posterior struts 
Unlike with the posterior leaf springs, the micrometer 
gauge showed deformations of the test bench/setup during 
measurement of the posterior struts in the clamping 
positions “+75 mm” and “0 mm,” which violates 
assumption A2 required for the calculation. For the 
clamping position “−75 mm” the micrometer gauge 
showed no deflection. Similarly, the mathematical model's 
predictions for the clamping positions “+75 mm” and “0 
mm” are significantly less accurate than those for the “−75 
mm” position. The results are presented in Table 5 
(“Calculation without 𝑘𝑘𝑇𝑇𝑇𝑇”).  

The average maximum deviation for the clamping 
positions “+75 mm” and “0 mm” is 50%, and the total 
maximum deviation observed for the “PS1” configuration 
and the PPACF material is 60%, which is clearly too high 
for validating the mathematical model for posterior struts. 
Nevertheless, it is notable here that the predictions for the 
clamping position “−75 mm,” at which the micrometer 
gauge showed no deflection, correspond significantly 
better with the measured values, with an average deviation 
of <6%. This leads to the assumption that the deformation 
of the test bench/setup and the resulting violation of 
assumption A2 is the reason for the high deviations.  

LS1

a)

b) c) d)

LS2 LS3 CA7

PS1 PS2 PS3 CPS1 PS4 CPS2
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Table 3: Results of Leaf Spring measurement, SD = standard deviation. 

Flexural Moduli: 
PLA = 2.82 GPa; niceBIO = 4.59 GPa; GTP = 5.14 GPa; PPACF = 11.44 GPa; Onyx with CCFR = 21.89 GPa; 
Carbon Composite = 67.44 GPa 

 

 Measurement Calculation 
I 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  SD 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 Δ abs. Δ rel. 

[mm4] [Nm/°] [%] [Nm/°] [Nm/°] [%] 

LS
1 

PLA 498.48 0.11 0.58 0.12 0.006 5 
niceBIO 368.63 0.14 0.93 0.14 -0.003 -2 
GTP 450.53 0.18 0.91 0.19 0.010 5 
PPACF 453.79 0.39 0.90 0.43 0.038 10 
Onyx with 
CCFR 491.87 0.89 0.86 0.88 -0.002 0 
Mean ± SD     0.01 ± 0.01 4 ± 4 

LS
2 

PLA 499.21 0.10 1.02 0.10 0.001 1 
niceBIO 372.06 0.12 0.48 0.12 -0.003 -3 
GTP 456.53 0.16 0.62 0.17 0.001 1 
PPACF 457.16 0.35 0.30 0.37 0.025 7 
Onyx with 
CCFR 476.65 0.77 1.35 0.74 -0.033 -4 
Mean ± SD     -0.00 ± 0.02 1 ± 4 

LS
3 

PLA 486.08 0.10 2.37 0.09 -0.005 -5 
niceBIO 371.65 0.12 1.85 0.12 -0.006 -5 
GTP 462.58 0.16 0.74 0.16 0.002 2 
PPACF 452.81 0.34 0.17 0.35 0.008 2 
Mean ± SD     0.00 ± 0.01 0 ± 3 

C
A

7 Carbon Composite 383.35 1.94 0.47 1.96 0.019 1 
Mean ± SD     0.02 ± 0.00 1 ± 0 

 

Mathematically accounting for these deformations would 
require a detailed characterization and mathematical 
modeling of all test bench components. However, given the 
existing simplifications, this is not feasible within the 
scope of a pen and paper calculation. For this reason, a 
more practical approach was chosen, which allows the 
deformation of the test bench to be considered in the 
mathematical model. Therefore, the test bench deformation 
behavior was approximated by modifying the mechanical 
model using simple theoretical tools: the ideal clamping 
assumption for posterior struts at the foot cuff was replaced 
by modelling a coupling of the struts to a torsion spring 
with stiffness 𝑘𝑘𝑇𝑇𝑇𝑇, representing the equivalent torsional 
stiffness of the test bench. The adjusted mechanical 
equivalent model is shown in Fig. 7. Regarding the 
calculation, the coefficients expand to those in Table 4.  

The torsion spring stiffness 𝑘𝑘𝑇𝑇𝑇𝑇 is assumed independent of 
the test specimens and constant within each clamping 
position but varies between the clamping positions due to 
differences in height and lever arm ratios. This results in 
distinct torsion spring stiffness values for each clamping 
position. To determine this clamping-position-specific 
stiffness value of the torsion spring 𝑘𝑘𝑇𝑇𝑇𝑇,𝑖𝑖, it must be derived 

from a calibration measurement within this clamping 
position. After determination, it can then be applied to all 
subsequent stiffness calculations for that position. It should 
be noted that this transforms the previously purely 
predictive model into a calibrated model that requires 
actual measured input values. 

 
Figure 7: Adjusted mechanical equivalent model with a torsion 
spring to model the test bench’s inherent stiffness, a) Original 
model, b) Adjusted model with torsion spring at the foot cuff. 

VAJC

FMFM

VAJC

k

FMFM

a) b)

TB
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Table 4: Adapted coefficients considering 𝑘𝑘𝑇𝑇𝑇𝑇. 

𝐴𝐴 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2 +
𝑙𝑙𝐵𝐵 ∙ 𝐸𝐸 ∙ 𝐼𝐼
𝑘𝑘𝑇𝑇𝑇𝑇

 

𝐵𝐵 
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷 +

𝐸𝐸 ∙ 𝐼𝐼
𝑘𝑘𝑇𝑇𝑇𝑇

 

𝐶𝐶 

𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵

∙ 𝑙𝑙𝐷𝐷
2 −

1
6
∙ 𝑙𝑙𝐷𝐷

3 +
𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 ∙ 𝐸𝐸 ∙ 𝐼𝐼

𝑘𝑘𝑇𝑇𝑇𝑇
 

𝐷𝐷 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2 +
𝑙𝑙𝐷𝐷 ∙ 𝐸𝐸 ∙ 𝐼𝐼
𝑘𝑘𝑇𝑇𝑇𝑇

 

Since there was no option to carry out calibration 
measurements on independent test samples during the 
study, the specific torsional spring stiffnesses 𝑘𝑘𝑇𝑇𝑇𝑇,+75 and 
𝑘𝑘𝑇𝑇𝑇𝑇,0  were determined based on measurements of the PLA 
struts in the “PS2” and “PS3” configurations, respectively. 
That way, the determined specific torsional spring 
stiffnesses were as 2.79 Nm/° for the “+75 mm” clamping 
position and 4.36 Nm/° for clamping position “0 mm”. 
Since no test bench deformation was observed at the “−75 
mm” position, an ideally rigid torsion spring was assumed 
there, implying an infinite 𝑘𝑘𝑇𝑇𝑇𝑇,−75. Incorporating these 
𝑘𝑘𝑇𝑇𝑇𝑇,𝑖𝑖-values into the adjusted model yields results 
presented in Table 5 (“Calculation with 𝑘𝑘𝑇𝑇𝑇𝑇”).

Table 5: Results of Posterior Strut measurement, SD = standard deviation. 

Flexural Moduli: 
PLA = 2.71 GPa; niceBIO = 5.22 GPa; GTP = 5.35 GPa; PPACF = 11.43 GPa;  
Carbon Prepreg = 31.11 GPa 

  Measurement Calculation (without 𝑘𝑘𝑇𝑇𝑇𝑇) Calculation (with 𝑘𝑘𝑇𝑇𝑇𝑇) 
I 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 SD 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 Δ abs. Δ rel. 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  Δ abs. Δ rel. 

[mm4] [Nm/°] [%] [Nm/°] [Nm/°] [%] [Nm/°] [Nm/°] [%] 

+7
5 

m
m

 (𝑘𝑘
𝑇𝑇𝑇𝑇

,+
75

  =
 2

.7
92

 N
m

/°
) 

PS
1 

PLA 499.21 1.28 1.27 1.71 0.429 34 1.43 0.155 12 
niceBIO 372.06 1.56 2.35 2.45 0.887 57 1.92 0.359 23 
GTP 456.53 2.06 1.28 3.08 1.023 50 2.29 0.237 12 
PPACF 457.16 4.11 0.67 6.59 2.482 60 3.83 -0.278 -7 

Mean ± SD     1.21  
± 0.69 

50  
± 9  0.12 

 ± 0.21 
10 

± 10 

PS
2 

PLA 486.14 0.80 1.95 0.92 0.117 15 Calibration Sample 
niceBIO 371.65 1.05 0.27 1.35 0.308 29 1.13 0.082 8 
GTP 462.58 1.34 0.74 1.73 0.387 29 1.37 0.032 2 
PPACF 452.81 2.69 0.44 3.61 0.915 34 2.36 -0.335 -12 

Mean ± SD     0.43  
± 0.26 

27 
± 7  -0.07 

 ± 0.16 
-1 

± 7 

0 
m

m
 (𝑘𝑘

𝑇𝑇𝑇𝑇
,0

  =
 4

.3
63

 N
m

/°
) 

PS
3 

PLA 486.08 0.37 1.26 0.40 0.033 9 Calibration Sample 
niceBIO 371.65 0.47 0.38 0.59 0.120 26 0.52 0.050 11 
GTP 462.58 0.62 0.57 0.75 0.134 22 0.65 0.029 5 
PPACF 452.81 1.28 0.44 1.57 0.296 23 1.16 -0.121 -9 

Mean ± SD     0.15 
± 0.09 

20  
± 6  -0.01 

 ± 0.07 
2 

 ±7 

C
PS

1 

Carbon 
Prepreg 196.14 1.39 2.37 1.65 0.257 18 1.20 -0.193 -14 

Mean ± SD     0.26  
± 0.00 

18  
± 0  -0.19 

± 0.00 
-14 
± 0 

-7
5 

m
m

 (𝑘𝑘
𝑇𝑇𝑇𝑇

,−
75

  =
 ∞

 N
m

/°
) 

PS
4 

PLA 486.08 0.15 0.68 0.14 -0.008 -6 0.14 -0.008 -6 
niceBIO 371.65 0.19 1.83 0.20 0.009 4 0.20 0.009 4 
GTP 462.58 0.25 0.67 0.26 0.004 2 0.26 0.004 2 
PPACF 452.81 0.52 0.30 0.54 0.015 3 0.54 0.015 3 

Mean ± SD     0.01  
± 0.01 

1 
± 3  0.01  

± 0.01 
1 

 ± 3 

C
PS

2 

Carbon 
Prepreg 196.14 0.60 0.47 0.63 0.033 6 0.63 0.033 6 

Mean ± SD     0.03  
± 0.00 

6  
± 0  0.03 

± 0.00 
6 

± 0 
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Figure 8: Relative deviation of prediction from measurement, a) posterior leaf springs, b) posterior struts – “+75 mm” clamping 
position, c) posterior struts – “0 mm” clamping position, d) posterior struts – “−75 mm” clamping position. 

As can be seen, deviations between measured and 
calculated stiffnesses are significantly reduced due to the 
adjustment of the model: the maximum relative error at 
“+75 mm” drops from 60% to 23%, and at “0 mm” from 
26% to 11%. Except for one outlier (PS1, niceBIO), the 
calibrated model can be used to predict the stiffness of all 
posterior struts with a maximum relative deviation of 15%, 
which can be considered acceptable under the assumptions, 
idealizations, and modeling used. This even applies to the 
handcrafted posterior strut used in everyday clinical 
practice. The effect of the model adjustment can be clearly 
seen in Fig. 8b & Fig. 8c. 

III.III Flexural moduli and sensitivity analysis 
In addition to validating the calculation methodology, the 
study also revealed significant discrepancies in the flexural 
moduli measured for the printed materials. These included 
significant deviations from the manufacturers’ 
specifications and variations between the test specimen 
batches printed with the leaf springs and the struts. Table 6 
shows these deviations.  

Although the deviations may initially appear large, it 
should be noted that the TDS of PLA as well as the TDS of 
GTP provides no specific information on the flexural, but 
only for the tensile modulus.  

Table 6: Comparison of the mechanical properties of the printed 
materials. 

Material 𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇 
𝐸𝐸𝐿𝐿𝐿𝐿
𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇

 
𝐸𝐸𝑃𝑃𝑃𝑃
𝐸𝐸𝑇𝑇𝑇𝑇𝑇𝑇

 
𝐸𝐸𝑃𝑃𝑃𝑃
𝐸𝐸𝐿𝐿𝐿𝐿

 

 [GPa] [%] [%] [%] 

PLA 3.5* 80.57 77.42 96.09 

niceBIO 5.1** 90.00 102.35 113.72 

GTP 4.3* 119.53 124.18 104.08 

PPACF 9.7 117.93 117.83 99.91 

*Only tensile modulus can be found in TDS 
**TDS states “flexural modulus” but references ISO 
527 [38]  

a)

b)

c) d)
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Although the niceBIO TDS specifies a flexural modulus, it 
also refers to ISO 527, which is used to determine the 
tensile properties of plastics [38]. It is well known that the 
tensile modulus and the flexural modulus for FDM-printed 
specimens are not the same and may vary depending on the 
material [39–42]. Furthermore, the TDS do not specify 
either the print orientation or the infill pattern of the test 
specimens, which further explains the deviations. 
Nevertheless, discrepancies also occur between the 
manufacturer’s specifications for PPACF and the actual 
measured flexural moduli. Although the PPACF TDS 
explicitly specifies a flexural modulus and states the same 
printing parameters as the ones used in this study, the 
measured flexural moduli here are 17.9% higher. 

There are also discrepancies between the test specimen 
batches printed together with the leaf springs and those 
printed together with the posterior struts. While the 
deviations for PLA, GTP, and PPACF are relatively small, 
the significant deviation of 13.7% in the niceBIO samples 
stands out. 

The reasons for these deviations can be manifold and can 
be partly explained by the inherent variability of the 3D-
printing process. However, these deviations may also be 
partly attributable to measurement errors during data 
collection. Such measurement errors have a direct impact 
on the predictions of the mathematical model. In addition 
to the influence of the flexural modulus, fluctuations in 
cross-sectional areas, as well as deviations between the 
geometric relationships assumed in the model and the 
actual geometric relationships, also influence predictions. 
To assess the extent to which such deviations influence the 
model’s output, a first-order sensitivity analysis was 
performed for the predictive model. For this purpose, the 
normalized local sensitivity indices 𝑆𝑆𝑖𝑖   of the individual 
input parameters were determined. In addition, a sample 

calculation was performed to determine the extent to which 
a 5% deviation in one input variable affects the model’s 
output. Since both values depend on the configuration-
specific geometric properties, they were determined for 
each of the configurations described here. The results are 
presented in Table 7 and show the maximum and minimum 
values of all configurations. 

As can be seen, the thickness of the functional element ℎ 
has the greatest influence on the measurement result, with 
a normalized sensitivity index 𝑆𝑆ℎ  of 3. It is factored into the 
calculation on a cubic basis. Thus, a measurement error of 
±5% in thickness results in a deviation of ±15% in the 
calculated stiffness. The flexural modulus, on the other 
hand, is factored in linearly. A deviation of ±13.7%, as 
observed between test specimen batches, thus results in a 
deviation of the same magnitude with respect to stiffness. 
In addition to the configuration independent influences of 
𝐸𝐸, 𝑏𝑏, and ℎ, the influence of a measurement error in the 
geometric parameters is configuration dependent. For 
example, a deviation in 𝑙𝑙𝐷𝐷 in the “PS1” configuration has a 
significantly greater influence on the model’s output than 
in the “LS1” configuration (variation of 𝑆𝑆𝑙𝑙𝐷𝐷  from -0.71 to  
-2.83). Also, it can be seen that a deviation in the input 
parameters 𝑙𝑙𝐵𝐵, 𝑙𝑙𝐷𝐷 and 𝑅𝑅 has an inverse effect on the model's 
output, as indicated by their negative normalized 
sensitivity indices. For example, a deviation of +5% in 𝑙𝑙𝐷𝐷 
leads to a deviation in the calculated stiffness ranging from 
-3.77% to -12.92%, depending on the configuration. 

The results of the sensitivity analysis thus demonstrate that 
the observed discrepancies between calculated and 
measured stiffness values are also attributable to 
measurement and manufacturing inaccuracies in the input 
variables and not necessarily to weaknesses in the model 
itself. 

Table 7: First-order sensitivity analysis of the mathematical model for determination of 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  

Input-parameter 
𝑆𝑆𝑖𝑖 

(min to max) 

Relative change in 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 
at ±5% change in the input-

parameter [%] 
Dependency 

𝐸𝐸 1 ±5 Linear 

𝑏𝑏 ∗ 1 ±5 Linear 

ℎ** 3 ±15 Cubic 

𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹  0.03 to 1.67 ±0.56 to ±8.37 Configuration dependent 

𝑙𝑙𝐸𝐸𝐸𝐸 0.03 to 1.50 ±0.13 to ±7.50 Configuration dependent 

𝑙𝑙𝐵𝐵 -0.04 to -1.84 ±0.21 to ±9.19 Configuration dependent 

𝑙𝑙𝐷𝐷 -0.71 to -2.83 ±3.77 to ±12.92 Configuration dependent 

𝑅𝑅 0.00 to -0.76 0.00 to ±3.69 Configuration dependent 

*Cross-section width 
**Cross-section thickness 
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III.IV Summary 
In summary, the presented calculation procedure enables 
sufficiently accurate stiffness prediction for idealized 
orthoses. If the test bench deforms, the model can be easily 
adjusted by calibration and still achieves good results. This 
holds true regardless of specimen geometry, printing 
material, or flexural modulus, provided the test bench’s 
inherent stiffness is measured and applied consistently 
across tests. Moreover, the stiffness of two clinically used 
functional elements was predicted with sufficient accuracy 
despite significant geometric abstraction. Thus, the method 
offers a practical way to estimate PD-AFOs’ stiffness on a 
test bench without complex simulations. For orthoses 
approximating the idealized geometries reported in this 
study, equation (13) can be applied directly. For other 
geometries, the approach can be adapted analogously, 
allowing stiffness predictions of different shaped 
functional elements or of elements with a variable cross-
section if their area moment of inertia can be 
mathematically parameterized. 

Given the critical role of orthosis stiffness in patient care, 
this method complements conventional post-manufacture 
bench testing by enabling stiffness estimation prior to 
fabrication. This is particularly relevant in clinical settings 
where iterative fitting cycles are costly and time-
consuming. The method offers the opportunity to compare 
geometry or material variants and select a configuration 
meeting the patient-specific stiffness target before 
committing to manufacturing. This benefit is especially 
pronounced for additive manufacturing workflows, where 
geometry is freely adaptable and quickly customizable for 
patient-specific needs. 

Furthermore, this calculation method could form the basis 
for extended models better tailored to clinical conditions. 
Future work might include adaptations for more complex 
geometries or factors such as orthosis cuff deformation, 
enhancing predictive accuracy and further optimizing PD-
AFO selection and design in clinical practice. 

IV. Limitations 
The calculation method developed in this study relies on 
several assumptions and simplifications that limit the scope 
of the results. A central idealization is the assumption of 
ideally rigid orthosis cuffs (A2), which does not fully 
reflect reality as real cuffs deform and influence overall 
system stiffness. The limitation concerns the transferability 
of the predicted stiffness values to real-world clinical 
conditions. The analytical method – and the experimental 
validation – are both based on an idealized system with 
rigid cuffs, simplified geometry, and controlled boundary 
conditions. In clinical practice, however, AFO stiffness is 
influenced by additional factors not captured in this model, 
including cuff deformation, soft tissue interaction at the 
patient-orthosis interface, footwear, and individual patient 
anatomy [6]. As a result, the stiffness predicted by the 

proposed method reflects the behavior of idealized AFOs 
and may differ from the stiffness of real AFOs. 

Similarly, the assumption of a constant cross-sectional area 
(A1) restricts the method's validation to orthosis designs 
with approximately uniform cross-sections, such as the 
standardized posterior leaf springs and struts investigated 
in this study. In clinical practice, however, AFO geometry 
is considerably more complex: trimlines, varying wall 
thicknesses, and tapered or flared cross-sections are 
commonly used to fine-tune stiffness and fit individual 
patient needs. These geometric features directly influence 
the area moment of inertia along the functional element and 
therefore affect overall orthosis stiffness. Application and 
validation of the method to functional elements with 
variable cross-sections – for example through piecewise 
parameterization of the area moment of inertia – represents 
a promising direction for future work. 

The use of Euler-Bernoulli beam theory further simplifies 
the model by neglecting shear deformations, which can 
cause deviations in specimens with high thickness-to-
length ratios or small radii of curvature. Additionally, the 
small-angle approximation restricts the model's predictive 
power to deformation angles within ±5°, leaving higher 
ranges unaddressed. 

Limitations also exist regarding the model adaptation for 
posterior struts. While integrating an equivalent torsional 
spring stiffness 𝑘𝑘𝑇𝑇𝑇𝑇 significantly reduced deviations, this 
remains a highly simplified representation of test bench 
deformation. A more precise description would require 
detailed modeling of the entire test bench structure. 

Finally, measurement equipment introduces potential error 
propagation. However, this was minimized through 
multiple measurements and averaging, as evidenced by the 
low standard deviations in the results (Table 3 and Table 
5). 

V. Conclusion 
This work presents the derivation and evaluation of a 
simplified calculation method to determine the stiffness of 
idealized PD-AFOs on a test bench. Based on elastostatics 
and Castigliano’s energy methods, and incorporating 
assumptions and idealizations, the method enables 
designers to estimate PD-AFO stiffness during the design 
phase without complex simulations. 

Results show that calculated stiffness values for orthoses 
with posterior leaf springs deviate less than 10% from 
measured values, validating the method for these designs. 
For orthoses with posterior struts, stiffness predictions 
showed deviations of no more than 15% when using an 
adjusted calculation model calibrated with the test bench, 
which is assumed sufficiently accurate given the 
assumptions. 
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The method offers a promising alternative to finite element 
analysis, supporting orthosis design by enabling 
mathematical comparison of geometries and materials 
before manufacturing, especially against the background of 
the growing adoption of additive manufacturing in orthotic 
care. This enables a more efficient development process, 
which can lead to improved patient care in the long term. 

Looking ahead, integrating additional biomechanical 
factors and addressing more complex geometries could 
expand and refine the method, enhancing its clinical 
applicability and may thereby improve orthopedic care 
quality over the long term. 
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foot orthoses under standardized bench test conditions”, Trans. AMMM, 2026, Vol. 8, No 1, Article ID 2755 
 

This appendix presents the derivation of the formulas listed above, which can be used to make predictions about the 
stiffness of passive dynamic ankle-foot orthoses (PD-AFOs). The procedure is illustrated using the example of a PD-AFO 
with a posterior leaf spring. However, the calculation procedure can also be used for any other spring shape, as long as 
the assumptions are adjusted accordingly and small deformation angles are assumed. 

 

The following steps are taken to derive the equations, which are then explained in individual subchapters: 

A.I.  Mechanical abstraction and modeling 
A.II.  Definition of assumptions 
A.III.  Establishing deformation equations using Castigliano's energy theorem 
A.IV.  Determination of the sought-after unknowns 
A.V.  Calculation of AFO stiffness 

A.I. Mechanical abstraction and modeling 
In reality, AFO stiffness is determined using a test bench that deforms the orthosis around a virtual ankle joint center 
(VAJC). As a first approximation, it can be assumed that the resistive torque generated by a PD-AFO 𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴  depends 
linearly on the deflection angle of the AFO/the deflection angle of the test bench 𝜑𝜑. The proportionality factor is referred 
to as orthosis stiffness 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴  and is usually specified in Nm/°. 

𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) = 𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 ⋅ 𝜑𝜑 (a.1) 

To calculate the stiffness of the orthosis on the test bench while minimizing unknown influences and being able to check 
the calculation results free of disturbance variables, the AFO and the test bench must first be idealized. The idealized 
model of test bench and orthosis can then be converted into a mechanical equivalent model (see App. Fig. 1). To do this, 
the following assumptions must be made: 

A1. All functional elements have a constant cross-section 
A2. The cuffs and test bench components are ideally rigid 
A3. All components are massless 
A4. The test bench’s linear guide is frictionless 

 
App. Figure 1: Idealization and modeling of the AFO, a) Real case, b) Idealized AFO, c) Mechanical replacement model 

The stiffness of the system can now be calculated using the derived mechanical equivalent model. 

On the test bench, the resistive moment relative to the VAJC is calculated as follows (see App. Fig. 2a): 

𝑇𝑇𝐴𝐴𝐴𝐴𝐴𝐴(𝜑𝜑) = 𝐹𝐹𝑀𝑀(𝜑𝜑) ⋅ 𝑙𝑙𝑀𝑀 (a.2) 

VAJC VAJCVAJC

FM FM FMa) b) c)
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Together with equation (a.1) and the mechanical equivalent model, the stiffness relative to the VAJC can be calculated 
as follows (see App. Fig. 2b): 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 =
𝐹𝐹𝑀𝑀(𝜑𝜑) ⋅ 𝑙𝑙𝑀𝑀

𝜑𝜑
 (a.3) 

The following relationship can be derived from the geometric conditions (see App. Fig. 2a) and the free body diagram 
(see App. Fig. 2c): 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ⋅ 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹

𝜑𝜑
 (a.4) 

Here, 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) are the torques and forces transferred from the functional element to the test bench, respectively, 
and 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹 is the distance between the VAJC and the point of force application (approx. at the center of the calf cuff). 

 
App. Figure 2: Mechanical equivalent model, a) geometric relationships, b) deformation state, c) free body diagram 

 

A.II. Definition of assumptions  
To determine 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑), the deformation state of the functional element must be determined as a function of the 
deflection angle of the test bench 𝜑𝜑. The deformation state is characterized by the deflection 𝑓𝑓 and the deformation angle 
Ꞷ of the AFO under the influence of force. Using the following assumptions, a relationship between 𝑓𝑓 and Ꞷ with 𝜑𝜑 can 
be established (see App. Fig. 3 & App. Fig. 4).  

 
App. Figure 3: Visualization 
of assumption A5 

A5. The functional element’s deformation angle Ꞷ at the point of its 
attachment to the calf cuff (at height 𝒍𝒍𝑫𝑫 + 𝑹𝑹) equals the deflection angle 
of the test bench 𝝋𝝋: 

Assuming that the orthosis cuffs behave with ideal rigidity, the area of the 
functional element clamped in the calf cuff must always move parallel to the 
test bench. This means that the deformation angle Ꞷ of the element at the 
lower contact point with the calf cuff must always be equal to the deflection 
angle of the test bench 𝜑𝜑. Therefore, the following applies: 

Ꞷ = 𝜑𝜑 (a.5) 
 

φ Ꞷ

VAJC
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Since Ꞷ and 𝑓𝑓 depend solely on 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑), the conventional formulas of bending theory can now be applied 
under the laws of elastostatics, thereby establishing the relationship between 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑), 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) and  𝜑𝜑. 

 

A.III. Establishing deformation equations using Castigliano's energy theorem 
Castigliano's energy theorem can be used to calculate the deformation state of a body with the given geometry. With the 
help of Castigliano's theorem, both the deformation angle Ꞷ and the deformation 𝑓𝑓 of a body along the line of action of 
a force at its point of application can be calculated. To do this, the sum of the deformation energies from the individual 
sectional areas 𝑖𝑖 of a body along its neutral axis is calculated and then converted to the desired variables. For the model 
shown here, the theorem can be simplified to the two deformation equations: 

Ꞷ = ���
𝑀𝑀𝐶𝐶,𝑖𝑖

𝐸𝐸 ⋅ 𝐼𝐼
𝛿𝛿𝑀𝑀𝐶𝐶,𝑖𝑖

𝛿𝛿𝑇𝑇𝑗𝑗
 𝑑𝑑𝑑𝑑�

𝑖𝑖

 (a.7) 

𝑓𝑓 = ���
𝑀𝑀𝐶𝐶,𝑖𝑖

𝐸𝐸 ⋅ 𝐼𝐼
𝛿𝛿𝑀𝑀𝐶𝐶,𝑖𝑖

𝛿𝛿𝐹𝐹𝑗𝑗
 𝑑𝑑𝑑𝑑�

𝑖𝑖

 (a.8) 

Here, 𝑀𝑀𝐶𝐶,𝑖𝑖 represents the internal bending moment in the individual sections 𝑖𝑖. 𝑇𝑇𝑗𝑗 and 𝐹𝐹𝑗𝑗 denote the externally acting 
torques and forces at the point of evaluation of Ꞷ and 𝑓𝑓. 𝐸𝐸 is the flexural modulus, and 𝐼𝐼 is the area moment of inertia of 
the bending body.  

The geometry of a posterior leaf spring can be divided into three sections, which can then be calculated. The evaluation 
point (the point where Ꞷ and 𝑓𝑓 are calculated) is the lower contact point of the functional element with the calf cuff (at 
height 𝑙𝑙𝐷𝐷 + 𝑅𝑅), as it can only deform up to this point. However, this point is not the force application point of 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 
𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) (this is located in the middle of the clamping in the calf cuff, where the force is transferred from the test bench to 
the leaf spring, at height 𝑙𝑙𝐵𝐵 + 𝑅𝑅). However, since Castigliano's theorem can only be used to calculate the deformations at 
a force application point, virtual auxiliary forces (𝑇𝑇𝐻𝐻  and 𝐹𝐹𝐻𝐻) must be added at the evaluation point, which are later set to 
zero (see App. Fig. 5). 

  

 

 

 
App. Figure 4: Visualization 
of assumption A6 

A6. The functional element’s deflection 𝒇𝒇 at the point of its attachment to 
the calf cuff (at height 𝒍𝒍𝑫𝑫 + 𝑹𝑹) equals the horizontal distance traveled 
by the test bench at the same height.  

This assumption only applies to small deformation angles of the functional 
element. However, since all further calculations according to the laws of 
elastostatics are also based on the assumption of small deformation angles, 
this assumption is justified. 

𝑓𝑓 = 𝜑𝜑 ⋅ 𝑙𝑙𝐸𝐸𝐸𝐸  (a.6)  
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IV 

This results in the following free body diagram for calculating the internal forces in the functional element: 

 
App. Figure 5: Internal forces in the functional element 

For the bending moment 𝑀𝑀𝐶𝐶,𝑖𝑖 along the functional element’s neutral axis the following applies: 

𝑀𝑀𝐶𝐶,1 = (𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐷𝐷) ∙ 𝐹𝐹𝐻𝐻 + (𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐻𝐻 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) 0 < 𝑥𝑥 <
𝜋𝜋
2
𝑅𝑅 (a.9) 

𝑀𝑀𝐶𝐶,2 = (𝑙𝑙𝐷𝐷 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐻𝐻 + (𝑙𝑙𝐵𝐵 +

𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐻𝐻 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) 

𝜋𝜋
2
𝑅𝑅 < 𝑥𝑥 < 𝑙𝑙𝐷𝐷 +

𝜋𝜋
2
𝑅𝑅 (a.10) 

𝑀𝑀𝐶𝐶,3 = (𝑙𝑙𝐵𝐵 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) 𝑙𝑙𝐷𝐷 +

𝜋𝜋
2
𝑅𝑅 < 𝑥𝑥 < 𝑙𝑙𝐵𝐵 +

𝜋𝜋
2
𝑅𝑅 (a.11) 

 

A.III.I. Calculation of the deflection angle Ꞷ 
With the help of the bending moment, the deformation angle Ꞷ of the functional element can now be determined. Inserting 
the different bending moments into equation (a.7), the following results: 

Ꞷ =
1

𝐸𝐸 ⋅ 𝐼𝐼
⎝

⎛� 𝑀𝑀𝐶𝐶,1
𝛿𝛿𝑀𝑀𝐶𝐶,1

𝛿𝛿𝑇𝑇𝐻𝐻

𝜋𝜋
2𝑅𝑅

0

𝑑𝑑𝑑𝑑 + � 𝑀𝑀𝐶𝐶,2
𝛿𝛿𝑀𝑀𝐶𝐶,2

𝛿𝛿𝑇𝑇𝐻𝐻

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑 + � 𝑀𝑀𝐶𝐶,3
𝛿𝛿𝑀𝑀𝐶𝐶,3

𝛿𝛿𝑇𝑇𝐻𝐻

𝑙𝑙𝐵𝐵+
𝜋𝜋
2𝑅𝑅

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑

⎠

⎞ (a.12) 

To solve this equation, the partial derivatives are first formed: 

𝛿𝛿𝑀𝑀𝐶𝐶,1

𝛿𝛿𝑇𝑇𝐻𝐻
 =  1 (a.13) 

𝛿𝛿𝑀𝑀𝐶𝐶,2

𝛿𝛿𝑇𝑇𝐻𝐻
= 1 (a.14) 

𝛿𝛿𝑀𝑀𝐶𝐶,3

𝛿𝛿𝑇𝑇𝐻𝐻
= 0 (a.15) 
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V 

If the partial derivatives and 𝑀𝑀𝐶𝐶,𝑖𝑖 for the individual sections are now inserted into equation (a.12) and 𝑀𝑀𝐻𝐻 = 𝐹𝐹𝐻𝐻 = 0 is 
set, the following applies: 

Ꞷ =
1

𝐸𝐸 ⋅ 𝐼𝐼
⎝

⎛� �(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)�

𝜋𝜋
2𝑅𝑅

0

𝑑𝑑𝑑𝑑

+ � �(𝑙𝑙𝐵𝐵 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)�

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑

⎠

⎞ 

(a.16) 

As can be seen, two integrals must be solved. 

First, the first integral is solved: 

𝐼𝐼1 = � �(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)�

𝜋𝜋
2𝑅𝑅

0

𝑑𝑑𝑑𝑑 (a.17) 

To solve this integral, a relationship between 𝛼𝛼 and 𝑥𝑥 must be found. The geometric relationships yield: 

𝑥𝑥 =  𝑅𝑅 ∙ 𝛼𝛼 (a.18) 

And thus: 

𝑑𝑑𝑑𝑑 = 𝑅𝑅 ∙ 𝑑𝑑𝑑𝑑 (a.19) 

With this coordinate transformation, equation (a.17) yields: 

𝐼𝐼1 = ��(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)�

𝜋𝜋
2

0

∙ 𝑅𝑅 ∙ 𝑑𝑑𝑑𝑑 (a.20) 

Resolved to: 

𝐼𝐼1 = 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙

𝜋𝜋
2
𝑅𝑅 (a.21) 

Since the second integral is linearly dependent on 𝑥𝑥, no substitution is necessary in this case, and it can be integrated 
directly: 

𝐼𝐼2 = � �(𝑙𝑙𝐵𝐵 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)�

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑 (a.22) 

Resolved to: 

𝐼𝐼2 = 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −
1
2
𝑙𝑙𝐷𝐷

2� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝑙𝑙𝐷𝐷 (a.23) 

 

Substituting the solutions of the integrals into equation (a.16) yields the following for the deformation angle Ꞷ at the 
evaluation point: 

Ꞷ =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑅𝑅2 +

𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷�� (a.24) 
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A.III.II. Calculation of the deformation 𝒇𝒇 
Analogously, the deflection 𝑓𝑓 of the functional element at the edge of the calf cuff is calculated. Equation (a.8) therefore 
yields: 

𝑓𝑓 =
1

𝐸𝐸 ⋅ 𝐼𝐼
⎝

⎛� 𝑀𝑀𝐶𝐶,1
𝛿𝛿𝑀𝑀𝐶𝐶,1

𝛿𝛿𝐹𝐹𝐻𝐻

𝜋𝜋
2𝑅𝑅

0

𝑑𝑑𝑑𝑑 + � 𝑀𝑀𝐶𝐶,2
𝛿𝛿𝑀𝑀𝐶𝐶,2

𝛿𝛿𝐹𝐹𝐻𝐻

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑 + � 𝑀𝑀𝐶𝐶,3
𝛿𝛿𝑀𝑀𝐶𝐶,3

𝛿𝛿𝐹𝐹𝐻𝐻

𝑙𝑙𝐵𝐵+
𝜋𝜋
2𝑅𝑅

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝑑𝑑𝑑𝑑

⎠

⎞ (a.25) 

First, the partial derivatives are formed again: 

𝛿𝛿𝑀𝑀𝐶𝐶,1

𝛿𝛿𝐹𝐹𝐻𝐻
= 𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐷𝐷  (a.26) 

𝛿𝛿𝑀𝑀𝐶𝐶,2

𝛿𝛿𝐹𝐹𝐻𝐻
= 𝑙𝑙𝐷𝐷 +

𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥 (a.27) 

𝛿𝛿𝑀𝑀𝐶𝐶,3

𝛿𝛿𝐹𝐹𝐻𝐻
 =  0 (a.28) 

Substituting into equation (a.25) with 𝑇𝑇𝐻𝐻 = 𝐹𝐹𝐻𝐻 = 0, the following results: 

𝑓𝑓 =
1

𝐸𝐸 ⋅ 𝐼𝐼
⎝

⎛� �(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)� ∙ (𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼) ∙ 𝑅𝑅 + 𝑙𝑙𝐷𝐷)𝑑𝑑𝑑𝑑

𝜋𝜋
2𝑅𝑅

0

 

+ � �(𝑙𝑙𝐵𝐵 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)� ∙

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

�𝑙𝑙𝐷𝐷 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥� 𝑑𝑑𝑑𝑑

⎠

⎞ 

(a.29) 

Here, too, there are two integrals to solve. 

First, the first integral is solved again: 

𝐼𝐼1 = � �(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼(𝑥𝑥)) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)� ∙ (𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼) ∙ 𝑅𝑅 + 𝑙𝑙𝐷𝐷) 𝑑𝑑𝑑𝑑

𝜋𝜋
2𝑅𝑅

0

 (a.30) 

Similarly, a coordinate transformation is performed here, resulting in: 

𝐼𝐼1 = ��(𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼) ∙ 𝑅𝑅 + 𝑙𝑙𝐵𝐵) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)� ∙ (𝑐𝑐𝑐𝑐𝑐𝑐(𝛼𝛼) ∙ 𝑅𝑅 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅 ∙ 𝑑𝑑𝑑𝑑

𝜋𝜋
2

0

 (a.31) 

Which resolves to: 

𝐼𝐼1 = 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑅𝑅2 +

𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷� (a.32) 

 

The second integral is calculated as follows: 

𝐼𝐼2 = � �(𝑙𝑙𝐵𝐵 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥) ∙ 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)� ∙

𝑙𝑙𝐷𝐷+
𝜋𝜋
2𝑅𝑅

𝜋𝜋
2𝑅𝑅

�𝑙𝑙𝐷𝐷 +
𝜋𝜋
2
𝑅𝑅 − 𝑥𝑥� 𝑑𝑑𝑑𝑑 (a.33) 

Which resolves to: 

𝐼𝐼2 = 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
1
2
∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷

2 −
1
6
∙ 𝑙𝑙𝐷𝐷

3� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
1
2
∙ 𝑙𝑙𝐷𝐷

2� (a.34) 
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This result for the deflection 𝑓𝑓 of the functional element at the evaluation point yields:  

𝑓𝑓 =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �

𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷

2 −
1
6
∙ 𝑙𝑙𝐷𝐷

3� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)

∙ �𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2�� 
(a.35) 

 

A.III.III. Deformation equations 
The deformation equations at the evaluation point are therefore: 

Ꞷ =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑅𝑅2 +

𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷�� (a.24) 

𝑓𝑓 =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �

𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷

2 −
1
6
∙ 𝑙𝑙𝐷𝐷

3� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)

∙ �𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2�� 
(a.35) 

 

A.IV. Determination of the sought-after unknowns 
With the now known relationships between the deformation state as a function of 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑), a relationship to 𝜑𝜑 
can be derived using the assumptions A5 & A6. Substituting equations (a.24) and (a.35) into the equations (a.5) and (a.6) 
yields the following relationships: 

𝜑𝜑 =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �𝑅𝑅2 +

𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷�� (a.36) 

𝜑𝜑 ⋅ 𝑙𝑙𝐸𝐸𝐸𝐸 =
1

𝐸𝐸 ⋅ 𝐼𝐼
�𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ �

𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷

2 −
1
6
∙ 𝑙𝑙𝐷𝐷

3� + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑)

∙ �𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2�� 
(a.37) 

Since both the material properties and all geometric relationships are constants, these relationships correspond to a linear 
system of equations that can be used to explicitly calculate 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑). 

The following substitutions are made to solve the linear system of equations: 

𝐴𝐴 = 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 −

1
2
𝑙𝑙𝐷𝐷

2 (a.38) 

𝐵𝐵 =
𝜋𝜋
2
𝑅𝑅 + 𝑙𝑙𝐷𝐷 (a.39) 

𝐶𝐶 =
𝜋𝜋
4
𝑅𝑅3 + (𝑙𝑙𝐵𝐵 + 𝑙𝑙𝐷𝐷) ∙ 𝑅𝑅2 +

𝜋𝜋
2
∙ 𝑅𝑅 ∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐵𝐵 ∙ 𝑙𝑙𝐷𝐷

2 −
1
6
∙ 𝑙𝑙𝐷𝐷

3 (a.40) 

𝐷𝐷 = 𝑅𝑅2 +
𝜋𝜋
2
𝑅𝑅 ∙ 𝑙𝑙𝐷𝐷 +

1
2
∙ 𝑙𝑙𝐷𝐷

2 (a.41) 

Thus, the linear system of equations can be simplified as follows: 

𝜑𝜑 =
1

𝐸𝐸 ⋅ 𝐼𝐼
(𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐴𝐴 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐵𝐵) (a.42) 

𝜑𝜑 ⋅ 𝑙𝑙𝐸𝐸𝐸𝐸 =
1

𝐸𝐸 ⋅ 𝐼𝐼
(𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐶𝐶 + 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) ∙ 𝐷𝐷) (a.43) 
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VIII 

Solving for 𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) and 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) yields: 

𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) = 𝐸𝐸 ∙ 𝐼𝐼 ∙ 𝜑𝜑 ∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐴𝐴 − 𝐶𝐶
𝐷𝐷 ∙ 𝐴𝐴 − 𝐵𝐵 ∙ 𝐶𝐶

 

 
(a.44) 

𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) = 𝐸𝐸 ∙ 𝐼𝐼 ∙ 𝜑𝜑 ∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐵𝐵 − 𝐷𝐷
𝐶𝐶 ∙ 𝐵𝐵 − 𝐴𝐴 ∙ 𝐷𝐷

 

 
(a.45) 

A.V. Calculation of AFO stiffness  
The equation for calculating the stiffness of the idealized orthosis is: 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 =
𝑇𝑇𝐿𝐿𝐿𝐿(𝜑𝜑) + 𝐹𝐹𝐿𝐿𝐿𝐿(𝜑𝜑) ⋅ 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹

𝜑𝜑
 (a.4) 

Using relations (a.44) and (a.45) determined in the previous section, the following applies: 

𝑘𝑘𝐴𝐴𝐴𝐴𝐴𝐴 = 𝐸𝐸 ∙ 𝐼𝐼 ∙ �
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐴𝐴 − 𝐶𝐶
𝐷𝐷 ∙ 𝐴𝐴 − 𝐵𝐵 ∙ 𝐶𝐶

+ 𝑙𝑙𝐹𝐹𝐹𝐹𝐹𝐹 ∙
𝑙𝑙𝐸𝐸𝐸𝐸 ∙ 𝐵𝐵 − 𝐷𝐷
𝐶𝐶 ∙ 𝐵𝐵 − 𝐴𝐴 ∙ 𝐷𝐷

� (a.46) 
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